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1. The Discovery of the Higgs Boson
The most important result from the early runs at the LHC has been the discovery of a 126
GeV scalar boson that my be the long-sought Higgs boson of the Standard Model. While the
measurements of its couplings still have large uncertainties, the gross features look very much like
what is expected for the Higgs. The identification of this particle, the determination of whether it is
the SM Higgs boson, a component of an extended symmetry breaking sector or even an impostor,
is the most important task in our field today.
In order to make this identification, we need to measure the “Higgs” as thoroughly as possible.
We need to measure the mass, the width, the cross section, and the couplings. We need to look for
more “Higgs” bosons and for other new particles that might be connected to the “Higgs”. These
are difficult tasks and will require a great deal of data at the full energy of the LHC.
One of the simplest observables associated with the Higgs, the cross section, is actually diffi-
cult to take advantage of. The reason for this is that the theoretical uncertainty in the cross section
is very large. This is the case even though the cross section has been computed at next-to-next-to-
leading order [1 – 3] and resummed to next-to-next-to-leading log accuracy [4, 5].
One of the main sources of uncertainty in the gluon fusion cross section comes from the scale
dependence of the partonic cross section. This uncertainty can be addressed by computing the
cross section at higher order in αs. This means performing the calculation at next-to-next-to-next-
to-leading order (NNNLO).
2. Inclusive Higgs Production at NNNLO
There are many contributions to inclusive Higgs production at NNNLO, and all have been
computed in the threshold approximation: Virtual contributions through three loops [6 – 9], one-
loop single real emission squared [10, 11], two-loop single real emission [12], one-loop double real
emission [12, 13] and triple real emission at tree level [14]. Virtual corrections only contribute at
threshold, so that term is known completely, as an expansion in the dimensional parameter ε . The
full kinematic dependence of the squared one-loop single real emission contrbution, the subject
of this talk, has also been computed as an expansion in ε [10, 11]. Among the reasons that full
kinematic dependence of this term can be computed are that the one-loop amplitudes are known in
closed analytic form and because the phase space element for single-real emission is particularly
simple.
2.1 The Heavy Top Effective Theory
The Higgs boson couples to mass, therefore it does not couple directly to massage gauge
bosons like gluons and photons. Instead, such particles have indirect couplings to the Higgs through
heavy particle loops. The interaction between gluons and the Higgs is dominated by the top quark,
while photons couple through both top and W boson loops. Because the top pair production thresh-
old is much heavier than the Higgs, one can form an effective Lagrangian for Higgs – gluon inter-
actions by integrating out the top quark [15 – 17] for the Higgs-gluon interaction:
Leff =−
H
4v
C1(αs)GaµνGa µν , (2.1)
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where C1 is the Wilson coefficient, known to O(α4s ) [18 – 21], and Gaµν is the gluon field strength
tensor. Using the effective Lagrangian greatly simplifies calculations as it transforms massive top
quark loops in to point-like vertices.
2.2 One-loop Single Real Emission
The amplitude for single-real emission, computed at any order, can be written in terms of a
small number of gauge invariant tensors. There are four gauge invariant tensor structures for Hggg
amplitudes [22, 23] and only two structures [23] for Hqqg amplitudes,
M (H;g1,g2,g3) =
g
v
C1(αs) f i jkε i1µε j2νεk3ρ
3
∑
n=0
An Y µνρn ,
M (H;g,q,q) = i
g
v
C1(αs)(T g)ı¯j εµ(pg)
(
B1 X
µ
1 +B2 X
µ
2
)
.
The coefficient of each tensor has an expansion in αs of the form
Ai = A
(0)
i +
(αs
pi
)
A(1)i +
(αs
pi
)2
A(2)i + . . . , (2.2)
and the same for the Bi. I have computed the amplitudes in the following manner: the Feynman
diagrams were generated using QGRAF [24]; they were contracted with the projectors onto the
gauge-invariant tensors and the Feynman rules were implemented using a FORM [25] program.
For the one-loop amplitudes, the resulting expressions were reduced to loop master integrals with
the program REDUZE2 [26]. The reduced expressions were put back into the FORM program and
the master integrals were evaluated to produce the final expressions.
There are two loop master integrals that appear in these amplitudes, the bubble and the single-
mass box. Both are known in closed analytic form for arbitrary kinematics. In a frame where
s12 > 0, s23,s31 < 0
I
(1)
2 (Q2) =
icΓ
ε (1−2ε)
(
µ2
−Q2
)ε
I
(1)
4 (s12,s23;M
2
H) =
2 icΓ
s12 s23
1
ε2
[( µ2
−s12
)ε
2F1
(
1,−ε; 1− ε;−
s31
s23
)
+
( µ2
−s23
)ε
2F1
(
1,−ε; 1− ε; −
s31
s12
)
−
(
µ2
−M2H
)ε
2F1
(
1,−ε; 1− ε; −M
2
H s31
s12 s23
)]
I
(1)
4 (s23,s31;M
2
H) =
2 icΓ
s23 s31
1
ε2
[(
µ2
−s12
)−ε ( µ2
−s23
)ε ( µ2
−s31
)ε
Γ(1− ε)Γ(1+ ε)
+
( µ2
−s23
)ε (
1− 2F1
(
1, ε; 1+ ε;−
s31
s12
))
+
(
µ2
−s31
)ε (
1− 2F1
(
1, ε; 1+ ε;−
s23
s12
))
−
(
µ2
−M2H
)ε (
1− 2F1
(
1, ε ; 1+ ε;− s23 s31
s12 M2H
))]
,
(2.3)
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where
cΓ =
Γ(1+ ε)Γ2(1− ε)
(4pi)2−ε Γ(1−2ε)
. (2.4)
2.3 Squared amplitudes and Phase Space Integration
The partonic cross section is computed by squaring the amplitudes and integrating over phase
space
σ =
1
2s12
d(LIPS) 1
S
∑
spin/color
|M |2 , (2.5)
where the factor of 1/(2s12) is the flux factor, d(LIPS) represents Lorentz invariant phase space
and the factor 1/S represents the averaging over initial state spins and colors. The element of
Lorentz invariant phase space is
d(LIPS) = 1
8pi
(
4pi µ2
s12
)ε
(s23 s31)
ε
Γ(1− ε)
ds23 . (2.6)
Defining s12 = sˆ to be the parton CM energy squared, I introduce the dimensionless parameters
x = M2H/sˆ, x¯ = 1− x, and y = 12 (1− cos θ∗), y¯ = 1− y, where θ∗ is the scattering angle in the CM
frame,
s12 = sˆ , M2H = x sˆ ,
s23 = x¯ y sˆ , s31 = x¯ y¯ sˆ .
(2.7)
In terms of these variables, the element of phase space is
d(LIPS) = 18pi
(
4pi2 µ2
sˆ
)ε 1
Γ(1− ε)
x¯ 1−2ε y−ε y¯−ε dy . (2.8)
x¯ is the threshold parameter, and is a measure of excess or kinetic energy in the scattering process,
beyond that which is needed to produce a Higgs boson at rest. The kinematically available region
in x and y space is M2H/s < x < 1 and 0 < y < 1, where s is the hadronic (not partonic) CM energy.
Clearly, 0 < x¯ < 1−M2H/s and 0 < y¯ < 1.
2.4 Phase Space Master Integrals
The resulting expression for the partonic cross section consists of a large number of phase
space integrals, often with complicated integrands involving the products of two hypergoemtric
functions. To simplify the integration, I employ an integration-by-parts style reduction on the
phase space integrals. Under the assumption that any term in the integrand can be expressed in
the form f (x¯ )yα y¯β , where α and β are not negative integers (which is ensured by dimensional
regularization), I can use the fact that
∫ 1
0
dy ddy f (x¯ )y
α y¯β = 0 (2.9)
to derive relations among various phase space integrals. Eventually, I am able to reduce the problem
to that of solving for 24 phase space master integrals.
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I compute the phase space master integrals by performing an extended threshold expansion
of some 120 terms for each master integral. I then map the expansions onto a set of harmonic
polylogarithms and thereby obtain the results for the master integrals in closed analytic form.
Finally, I substitute the values of the master integrals into the full expression to obtain the
squared one-loop single real emission contribution to inclusive Higgs production cross section
at NNNLO. I find complete analytic agreement with Ref. [10]. The full result is too lengthy to
report here, but can be obtained from the supplementary material attached to the journal article at
http://link.aps.org/supplemental/10.1103/PhysRevD.89.073008.
3. Conclusions
I have computed the contributions of one-loop single-real-emission amplitudes to inclusive
Higgs boson production at NNNLO. Though a complicated calculation, this is but a portion of
the full NNNLO result. I have computed this contribution as an extended threshold expansion,
obtaining enough terms to invert the series and determine the closed functional form through order
ε1.
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